Abstract. In this paper we are concerned with the global existence of smooth solutions to the turbulent flow equations for compressible flows in R 3 . The global well-posedness is proved under the condition that the initial data are close to the standard equilibrium state in H 3 -framework. The proof relies on energy estimates about velocity, temperature, turbulent kinetic energy and rate of viscous dissipation. We use several new techniques to overcome the difficulties from the product of two functions and higher order norms. This is the first result concerning k-ε model equations.
Introduction
We consider in this work the turbulent flow equations for compressible flows on Here ρ, u, h, k and ε denote the density, velocity, total enthalpy, turbulent kinetic energy and rate of viscous dissipation, respectively. The pressure p is a smooth function of ρ. In this paper, without loss of generality, we have renormalized some constants to be 1.
The system (1.1) is formed by combining effect of turbulence on time-averaged Navier-Stokes equations with the k-ε model equations. Turbulence stands out as a prototype of multi-scale phenomenon that occurs in nature. It involves wide ranges of spatial and temporal scales which makes it very difficult to study analytically and prohibitively expensive to simulate computationally. Up to now, there are not any general theory suitable for the turbulent flows. Many, if not most, flows of engineering significance are turbulent, so the turbulent flow regime is not just of theoretical interest. Hence, research about the above system (1.1) is initial and very important.
There are many results about the simple model, such as classical Navier-Stokes equations and incompressible Navier-Stokes equations with variable density.
For classical Navier-Stokes equations (let ρ = C, k = ε = 0), there are many authors doing research about them, but the uniqueness and regularity of weak solutions for general initial data are open. In particular, Fujita and Kato [16, 17] proved the local well-posedness of 3D Navier-Stokes equations for large initial data and the global well-posedness for small initial data in the homogeneous Sobolev spaceḢ 1 2 . If taking u 0 small with respect to the viscosity in the Lebesgue space
, the classical Navier-Stokes equations are globally well-posed (see [18, 22] ).
This result has been adapted to the case of bounded domains by Y. Giga and T.
Miyakawa in [19] and to the case of exterior domains by Y. Giga and H. Sohr in [20] , and H. Iwashita in [21] . In the half-space case, the well-posedness issue has been studied by H. Kozono in [23] (see also [6] for results related to critical Besov spaces with negative index of regularity). In the absence of heat conduction, it was proved by Z. Xin that any non-zero smooth solution with initial compactly supported density would blow up in finite time(see [30] ). As a reasonable starting point, we will therefore restrict our work to solutions such that ρ remains positive.
For incompressible Navier-Stokes equations with variable density (let k = ε = 0), there are also many results. Specially, O. Ladyzhenskaya and V. Solonnikov [24] studied the existence of strong (smooth) solutions with positive density whereas the theory of global weak solutions with finite energy has been performed in the book [25] . Abidi [1] and Danchin-Mucha [8] - [10] have obtained several results about incompressible Navier-Stokes equations with variable density in the critical spaces.
For more about well-posedness in other critical spaces, readers can refer to [2, 3, 4, 5, 7, 11, 12, 13, 14, 15, 26] .
For the system (1.1), there is not any result. This paper is devoted to the study of the global existence of smooth solutions for the system (1.1) under suitable assumptions. Our result is expressed in the following. 
then the system (1.1) admits a unique smooth solution (ρ, u, h, k, ε) such that for
, where C is a positive constant. Remark 1.2. The existence of the local solution for (1.1) can be obtained from the standard method based on the Banach theorem and contractivity of the operator defined by the linearization of the problem on a small time interval (see also [27, 28, 29] ). Hence, we omit the local existence part for simplicity. The global existence of smooth solutions will be proved by extending the local solutions with respect to time based on a-priori global estimates. Remark 1.3. We use several new techniques to overcome the difficulties from the product of two functions and higher order norms. In a separate paper we consider the convergence rate of smooth solution to the constant state.
Notation: Throughout the paper, C stands for a general constant, and may change from line to line. The norm (A, B) X is equivalent to 
A priori estimates
In this section we establish a-priori estimates of the solutions. we assume that (v, u, θ, k, ε) is a smooth solution to (1.1) on the time interval (0, T ) with T > 0.
We shall establish the following proposition.
Proposition 2.1. There exists a constant δ ≪ 1 such that if
ρ , we rewrite the system (1.1) as follows:
From a priori assumption (2.1) and the Sobolev inequality together with the first equation of (2.3), we have In what follows, we will always use the smallness assumption of δ and (2.4)-(2.6).
We divide the a priori estimates into three steps.
Step 1:
Multiplying the second equation of (2.3) by u and integrating over R 3 , one can deduce that 1 2
With the help of Hölder's inequality,
and (2.4), we estimate the right-hand side of (2.7) as
10)
with θ ∈ (0, 1) and F (a) is defined as
Combining (2.8)-(2.11) with (2.7), we get
Multiplying the energy equation, governing equation for turbulent kinetic energy k and ε-equation of (2.3) by h, m and ε respectively, and integrating them over the whole space R 3 , similarly we can get that
A direct computation gives that
20)
(2.25)
The estimates (2.17)-(2.28) together with (2.14)-(2.16) imply 1 2
Step 2:
Applying the differential operator ∂ lmn to the momentum equation of (2.3), then multiplying it by ∂ lmn u, and integrating over R 3 , one gets
The first term on the right-hand side of (2.32) can be estimated as
Similarly, we can estimate the second and third term on the right-hand side of (2.32) as
34)
Now, let's estimate the fourth term on the right-hand side of (2.32) as
and
we obtain
Finally,
together with (2.37), thus (2.36) can be replaced by
The last term on the right-hand side of (2.32) can be estimated as
which together with (2.33)-(2.35) and (2.38) gives
(2.39)
Applying ∂ lmn to the energy equation, k-equation and ε-equation of (2.3), multiplying the resulting equations by ∂ lmn h, ∂ lmn m and ∂ lmn ε respectively, then integrating them over the whole space R 3 , one can prove that
As same as the estimate (2.33), we can deduce
Again, from the Hölder inequality, (2.
Incorporating the above estimates and (2.40)-(2.42) yields that
(2.48)
Step 3: L 2 -norms of ∇a, ∇ 3 a
We first estimate for ∇a. For this purpose, we calculate as
The first term of the right-hand side of (2.49) can be estimated as follows:
(a +ρ)∇a · ∇divudx.
(2.50) Also, we estimate the rest three terms as
together with (2.49)-(2.53) and (2.5)-(2.6), we show that
Now, we turn to estimate for ∇ 3 a. Almost parallel to the inequality (2.49), we
(2.55)
We estimate the right-hand side of (2.55) as follows:
∂ n ((a +ρ)(m +k))]dx Therefore, using the inequality E 0 < δ/ √ C 1 C 2 , from Proposition 2.1, we have
Notice that T * depends only on E 0 . Starting from T * , then the initial problem (2.3) with initial data (ρ, u, h, k, ε)(T * ) still has a unique solution on [T * , 2T * ], and from Proposition 3.1, we get sup
Again from Proposition 2.1, one can deduce
Repeating the procedure for 0 ≤ t ≤ N T * , N = 1, 2, 3, · · · , we can extend the local solution to infinity as far as the initial data are small enough such that E 0 ≤ min(δ/ √ C 2 , δ/ √ C 1 C 2 ). Thus the proof of Theorem 1.1 is complete.
